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a b s t r a c t
In this work we consider two integral operators. The integral operators were constructed
on the basis of the fact that the number of functions from the composition of the operators
is the entire part of a complex number modulus.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Let us consider the open unit diskU and let A be the class of analytic functions defined by f (z) = z + a2z2 + · · ·. We
denote by S the class of univalent functions.









is in the class S.
Theorem 1.2 ([2]). If the function f is regular in the open unit diskU, f (z) = z + a2z2 + · · · and(
1− |z|2) ∣∣∣∣ zf ′′(z)f ′(z)
∣∣∣∣ ≤ 1,
for all z ∈ U, then the function f is univalent inU.
Theorem 1.3 ([3]). Let α be a complex number, Reα > 0 and f (z) = z + a2z2 + · · · be a regular function inU. If
1− |z|2Reα
Reα
∣∣∣∣ zf ′′(z)f ′(z)
∣∣∣∣ ≤ 1,









is in the class S.
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Theorem 1.4 ([4]). If the function g is regular inU and |g(z)| < 1 inU, then for all ξ ∈ U, the following inequalities hold:∣∣∣∣ g(ξ)− g(z)1− g(z)g(ξ)
∣∣∣∣ ≤ ∣∣∣∣ ξ − z1− zξ
∣∣∣∣ (1.1)
and ∣∣g ′(z)∣∣ ≤ 1− |g(z)|2
1− |z|2 ,
and the equalities hold in the case g(z) =  z+u1+uz , where || = 1 and |u| < 1.
Remark 1.5 ([4]). For z = 0, from inequality (1.1) we obtain for every ξ ∈ U,∣∣∣∣ g(ξ)− g(0)1− g(0)g(ξ)
∣∣∣∣ ≤ |ξ |
and hence,
|g(ξ)| ≤ |ξ | + |g(0)|
1+ g(0)g(ξ) .
Considering g(0) = a and ξ = z, then
|g(z)| ≤ |z| + |a|
1+ |a| |z| ,
for all z ∈ U.
Theorem 1.6 ([5]). Let γ ∈ C, f ∈ S, f (z) = z + a2z2 + · · ·.
If ∣∣∣∣ zf ′(z)− f (z)zf (z)
∣∣∣∣ ≤ 1, ∀ z ∈ U
and














is in the class S.
Theorem 1.7 ([5]). Let α, β, γ ∈ C, f ∈ S, f (z) = z + a2z2 + · · ·.
If ∣∣∣∣ zf ′(z)− f (z)zf (z)
∣∣∣∣ ≤ 1, ∀ z ∈ U,
Reβ ≥ Reα > 0
and





















is in the class S.














V. Pescar, N. Breaz / Applied Mathematics Letters 23 (2010) 1407–1411 1409




















γ ∈ C, |γ | 6∈ [0, 1), αi ∈ C, fi ∈ A, i = 1, [|γ |].
2. Main results
Theorem 2.1. Let δ ∈ C, |δ| 6∈ [0, 1), αi ∈ C, for i = 1, [|δ|], Reα1 · . . . · Reα[|δ|] = Re δ, 0 < Re δ ≤ 1. If fi ∈ A,
fi(z) = z + ai2z2 + · · · for i = 1, [|δ|] and∣∣∣∣ zf ′i (z)− fi(z)zfi(z)
∣∣∣∣ ≤ 1, ∀i = 1, [|δ|], z ∈ U, (2.1)
|α1| + · · · +
























is in the class S.
Proof. We have fi ∈ A, for all i = 1, [|δ|] and fi(z)z 6= 0, for all i = 1, [|δ|].




)α1 · . . . · ( f[|δ|](z)z )α[|δ|] , z ∈ U. We have g(0) = 1.
Let us consider the function




, z ∈ U.
This function has the form












By using the relations (2.1) and (2.2) we obtain that |h(z)| < 1 and
|h(0)| =
∣∣∣α1a12 + · · · + α[|δ|]a[|δ|]2 ∣∣∣∣∣α1 · . . . · α[|δ|]∣∣ = |c| .
Applying Remark 1.5 for the function hwe obtain
1∣∣α1 · . . . · α[|δ|]∣∣ ·
∣∣∣∣∣F ′′[|δ|](z)F ′[|δ|](z)
∣∣∣∣∣ ≤ |z| + |c|1+ |c| |z| , ∀z ∈ U
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∣∣∣∣∣ ≤ ∣∣α1 · . . . · α[|δ|]∣∣ 1− |z|2Re δRe δ · |z| · |z| + |c|1+ |c| |z| , ∀z ∈ U. (2.4)
Let us consider the function H : [0, 1]→ R defined by
H(x) = 1− x
2Re δ
Re δ
· x · x+ |c|


















· |z| · |z| + |c|
1+ |c| |z|
]
, ∀z ∈ U. (2.5)




∣∣∣∣∣z · F ′′[|δ|](z)F ′[|δ|](z)
∣∣∣∣∣ ≤ 1, ∀z ∈ U,
and from Theorem 1.3 for β = 1, we obtain that F[|δ|] ∈ S. 
Theorem 2.2. Let γ , δ ∈ C, |γ | 6∈ [0, 1), αi ∈ C, for i = 1, [|γ |], Reα1 · . . . ·Reα[|γ |] = Re γ . If fi ∈ A, fi(z) = z+ ai2z2+· · ·,
for i = 1, [|γ |] and∣∣∣∣ zf ′i (z)− fi(z)zfi(z)
∣∣∣∣ ≤ 1, ∀i = 1, [|γ |], z ∈ U, (2.6)
|α1| + · · · +
∣∣α[|γ |]∣∣∣∣α1 · . . . · α[|γ |]∣∣ ≤ 1, (2.7)





























is in the class S.














Let us have the function
p(z) = 1∣∣α1 · . . . · α[|γ |]∣∣ · h
′′(z)
h′(z)
, z ∈ U.
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The function p(z) has the form




zf ′i (z)− fi(z)
zfi(z)
.
By using the relations (2.6) and (2.7) we obtain |p(z)| < 1 and
|p(0)| =
∣∣∣α1a12 + · · · + α[|γ |]a[|γ |]2 ∣∣∣∣∣α1 · . . . · α[|γ |]∣∣ = |c| .
Applying Remark 1.5 for the function hwe obtain
1∣∣α1 · . . . · α[|γ |]∣∣ ·
∣∣∣∣h′′(z)h′(z)
∣∣∣∣ ≤ |z| + |c|1+ |c| |z| , ∀z ∈ U
and ∣∣∣∣1− |z|2Re δRe δ · z · h′′(z)h′(z)
∣∣∣∣ ≤ ∣∣α1 · . . . · α[|γ |]∣∣ 1− |z|2Re δRe δ · |z| · |z| + |c|1+ |c| |z| , ∀z ∈ U. (2.9)
Let us consider the function Q : [0, 1]→ R defined by
Q (x) = 1− x
2Re δ
Re δ
· x · x+ |c|





> 0⇒ maxx∈[0,1] Q (x) > 0.








· |z| · |z| + |c|
1+ |c| |z|
]
, ∀z ∈ U. (2.10)




∣∣∣∣ ≤ 1, ∀z ∈ U
and from Theorem 1.3, we obtain that G[|γ |] ∈ S. 
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